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In this this paper the stohasti bakground of gravitational waves
(SBGWs) is analyzed with the auxilium of the WMAP data. We empha-
size that, in general, in previous works in the literature about the SBGWs,
old COBE data were used. After this, we want to fae the problem of how
the SBGWs and f(R) gravity an be related, showing, vie versa, that a
revealed SBGWs ould be a powerly probe for a given theory of gravity.
In this way, it will also be shown that the onformal treatment of SBGWs
an be used to parametrize in a natural way f(R) theories.
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The aelerate expansion of the Universe, whih is today observed, shows that
osmologial dynami is dominated by the so alled Dark Energy whih gives
a large negative pressure. This is the standard piture, in whih suh new in-
gredient is onsidered as a soure of the rhs of the eld equations. It should
be some form of un-lustered non-zero vauum energy whih, together with the
lustered Dark Matter, drives the global dynamis. This is the so alled on-
ordane model (ACDM) whih gives, in agreement with the CMBR, LSS and
SNeIa data, a good trapestry of the today observed Universe, but presents sev-
eral shortomings as the well known oinidene and osmologial onstant
problems [1℄.
An alternative approah is hanging the lhs of the eld equations, seeing if
observed osmi dynamis an be ahieved extending general relativity [2, 3, 4,
5℄. In this dierent ontext, it is not required to nd out andidates for Dark
Energy and Dark Matter, that, till now, have not been found, but only the
observed ingredients, whih are urvature and baryoni matter, have to be
taken into aount. Considering this point of view, one an think that gravity
is not sale-invariant [5℄ and a room for alternative theories is present [6, 7, 8℄.
In priniple, the most popular Dark Energy and Dark Matter models an be
ahieved onsidering f(R) theories of gravity [2, 3, 4℄, where R is the Rii
urvature salar. In this piture even the sensitive detetors for gravitational
waves, like bars and interferometers (i.e. those whih are urrently in operation
and the ones whih are in a phase of planning and proposal stages) [9, 10, 11,
12, 13, 14, 15, 16℄, ould, in priniple, be important to onrm or ruling out the
physial onsisteny of general relativity or of any other theory of gravitation.
This is beause, in the ontext of Extended Theories of Gravity, some dierenes
between General Relativity and the others theories an be pointed out starting
by the linearized theory of gravity [6, 17, 18, 19℄.
This philosophy an be taken into aount also for the SBGWs whih, to-
gether with osmi mirowave bakground radiation (CMBR), would arry, if
deteted, a huge amount of information on the early stages of the Universe
evolution [2, 20, 21℄). Also in this ase, a key role for the prodution and the
detetion of this graviton bakground is played by the adopted theory of gravity
[21℄.
In the seond setion of this paper the SBGWs is analyzed with the auxilium
of the WMAP data [20, 22, 23℄. We emphasize that, in general, in previous works
in the literature about the SBGWs, old COBE data were used (see [24, 25, 26,
27, 28, 29℄ for example).
In the third setion we want to fae the problem of how the SBGWs and
f(R) gravity an be related, showing, vie versa, that a revealed SBGWs ould
be a powerly probe for a given theory of gravity. In this way, it will also be
shown that the onformal treatment of SBGWs an be used to parametrize in
a natural way f(R) theories.
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2 Tuning the stohasti bakground of gravita-
tional waves using the WMAP data
From our analysis, it will result that the WMAP bounds on the energy spetrum
and on the harateristi amplitude of the SBGWs are greater than the COBE
ones, but they are also far below frequenies of the earth-based antennas band.
At the end of this setion a lower bound for the integration time of a potential
detetion with advaned LIGO is released and ompared with the previous one
arising from the old COBE data. Even if the new lower bound is minor than
the previous one, it results very long, thus for a possible detetion we hope in
the LISA interferometer and in a further growth in the sensitivity of advaned
projets.
The strongest onstraint on the spetrum of the reli SBGWs in the fre-
queny range of ground based antennas like bars and interferometers, whih is
the range 10Hz ≤ f ≤ 104Hz, omes from the high isotropy observed in the
CMBR.
The utuation ∆T of the temperature of CBR from its mean value T0 =
2.728 K varies from point to point in the sky [20, 22, 23℄, and, sine the sky an
be onsidered the surfae of a sphere, the tting of ∆T is performed in terms









and the utations are assumed statistially independent (< alm >= 0, <
alma
∗
l′m′ >= Clδll′δmm′). In eq. (1) Ωˆ denotes a point on the 2-sphere while the
alm are the multipole moments of the CMBR. For details about the denition of
statistially independent utations in the ontext of the temperature utations
of CMBR see [24, 25℄.
The WMAP data [22, 23℄ permit a more preise determination of the rms
quadrupole moment of the utations than the COBE data







2 = 8± 2µK, (2)




A onnetion between the utuation of the temperature of the CMBR and the
SBGWs derives from the Sahs-Wolfe eet [20, 30℄. Sahs and Wolfe showed
that variations in the density of osmologial uid and GWs perturbations re-
sult in the utuation of the temperature of the CMBR, even if the surfae
of last sattering had a perfetly uniform temperature [30℄. In partiular the














The integral in eq. (4) is taken over a path of null geodesi whih leaves the
urrent spaetime point heading o in the diretion dened by the unit vetor
Ωˆ and going bak to the surfae of last sattering of the CMBR.
Here λ is a partiular hoie of the ane parameter along the null geodesi.
By using onformal oordinates, we have for the metri perturbation
δgab = R
2(η)hab, (5)
and r in eq. (4) is a radial spatial oordinate whih goes outwards from the
urrent spaetime point. The eet of a long wavelenght GW is to shift the
temperature distribution of CMBR from perfet isotropy. Beause the uta-
tions are very small (< ∆T/T0 >≤ 5 ∗ 10−5 [22, 23℄), the perturbations aused
by the reli SBGWs annot be too large.
The WMAP results give rather tigh onstraints on the spetrum of the
SBGWs at very long wavelenghts. In [24, 25℄ we nd a onstraint on Ωgw(f)
whih derives from the COBE observational limits, given by
Ωgw(f)h
2
100 < 7 ∗ 10−11(
H0
f
)2 for H0 < f < 30H0. (6)
Now the same onstraint will be obtained from the WMAP data [20℄. Be-
ause of its spei polarization properties, reli SBGWs should generate par-
tiular polarization pattern of CMBR anisotropies, but the detetion of CMBR
polarizations is not fulled today [31℄. Thus an indiret method will be used.
We know that reli GWs have very long wavelenghts of Hubble radius size, so
the CMBR power spetrum from them should manifest fast derease at smaller
sales (hight multipole moments). But we also know that salar modes produe
a rih CMBR power spetrum at large multipole moments (series of aousti
peaks, ref. [22, 23℄). Then the properties of tensor modes of osmologial per-
turbations of spaetime metri an be extrat from observational data using
angular CMBR power spetrum ombined with large sale struture of the Uni-
verse. One an see (g. 1 ) that in the range 2 ≤ l ≤ 30 (the same used
in [25℄, but with the old COBE data [32℄) salar and tensor ontributions are
omparable. From [22, 23℄, the WMAP data give for the tensor/sala ratio r
the onstraint r < 0.9. (r < 0.5 in the COBE data, ref. [32℄); Novosyadly and
Apunevyh obtained Ωscalar(H0) < 2.7 ∗ 10−9 [31℄. Thus, if one remembers




100 < 1.6 ∗ 10−9(
H0
f
)2 for H0 < f < 30H0, (7)
whih is greater than the COBE data result of eq. (6).
We emphasize that the limit of eq. (7) is not a limit for any GWs, but only
for reli ones of osmologial origin, whih were present at the era of the CMBR
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Figure 1: The tensor to salar ratio
deoupling. Also, the same limit only applies over very long wavelenghts (i.e.
very low frequenies) and it is far below frequenies of the Virgo - LIGO band.
The primordial prodution of the reli SBGWs has been analyzed in [25,
26, 27, 33℄ (note: a generalization for f(R) theories of gravity will be given
in the next setion following [21℄), where it has been shown that in the range




WMAP observations put strongly severe restritions on the spetrum, as
we disussed above. In g. 2 the spetrum Ωgw is mapped: the amplitude
(determined by the ratio
ρds
ρPlanck
) has been hosen to be as large as possible,
onsistent with the WMAP onstraint (7).
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Figure 2: The spetrum of reli gravitons in inationary models is at over a
wide range of frequenies. The horizontal axis is log10 of frequeny, in Hz. The
vertial axis is log10 Ωgr. The inationary spetrum rises quikly at low frequen-
ies (wave whih rentered in the Hubble sphere after the Universe beame mat-
ter dominated) and falls o above the (appropriately redshifted) frequeny sale
fmax assoiated with the fastest harateristi time of the phase transition at
the end of ination. The amplitude of the at region depends only on the energy
density during the inationary stage; we have hosen the largest amplitude on-
sistent with the WMAP onstrain disussed earlier: Ωgr(f)h
2
100 < 1.6 ∗ 10−9 at
10−18Hz. This means that at Virgo and Lisa frequenies, Ωgr(f)h
2
100 < 9∗10−13
Nevertheless, beause the spetrum falls o ∝ f−2 at low frequenies [25,




100 < 9 ∗ 10−13, (9)
while using the COBE data it was
Ωgw(f)h
2
100 < 8 ∗ 10−14(refs. [25, 32℄).
6
It is interesting to alulate the orrespondent strain at ≈ 100Hz, where
interferometers like Virgo and LIGO have a maximum in sensitivity. The well
known equation for the harateristi amplitude [20, 24, 25, 29℄ an be used:






hc(100Hz) < 1.7 ∗ 10−26. (11)
Then, beause for ground-based interferometers a sensitivity of the order of
10−22 is expeted at ≈ 100Hz, four order of magnitude have to be gained in
the signal to noise ratio [9, 10, 11, 12, 13, 14, 15, 16℄. Let us analyze smaller
frequenies too. The sensitivity of the Virgo interferometer is of the order of
10−21 at ≈ 10Hz [9, 10℄ and in that ase it is
hc(10Hz) < 1.7 ∗ 10−25. (12)
For a better understanding of the diulties on the detetion of the SBGWs
a lower bound for the integration time of a potential detetion with advaned
LIGO is released. For a ross-orrelation between two interferometers the signal











f6P1(|f |)P2(|f |) . (13)
where Pi(|f |) is the one-sided power spetral density of the i detetor [34℄
and γ(f) the well known overlap-redution funtion [34, 35℄. Assuming two
oinident oaligned detetors (γ(f) = 1) with a noise of order 10−48/Hz (i.e.
a typial value for the advaned LIGO sensitivity [36℄) one gets (SNR) ∼ 1 for
∼ 3∗105years using our result Ωgw(f)h2100 ∼ 9∗10−13 while it is (SNR) ∼ 1 for
∼ 3 ∗ 107years using previous COBE result Ωgw(f)h2100 ∼ 8 ∗ 10−14. Sine the
overlap redution funtion degrades the SNR, these results an be onsidered
a solid upper limit for the advaned LIGO onguration for the two dierent
values of the spetrum.
The sensitivity of the LISA interferometer will be of the order of 10−22 at
10−3Hz [37℄ and in that ase it is
hc(10
−3Hz) < 1.7 ∗ 10−21. (14)
Then a stohasti bakground of reli gravitational waves ould be in prin-
iple deteted by the LISA interferometer. We also hope in a further growth in
the sensitivity of advaned projets.
We emphasize that the assumption that all the tensorial perturbation in the
Universe are due to a SBGWs is quit strong, but our results (9), (11), (12) and
(14) an be onsidered like upper bounds.
Reasuming, in this setion the SBGWs has been analyzed with the auxilium
of the WMAP data, while previous works in literature, used the old COBE
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data, seeing that the predited signal for these reli GWs is very weak. From
our analysis it resulted that the WMAP bound on the energy spetrum and on
the harateristi amplitude of the SBGWs are greater than the COBE ones, but
they are also far below frequenies of the earth-based antennas band. In fat the
integration time of a potential detetion with advaned interferometers is very
long, thus, for a possible detetion we have to hope in a further growth in the
sensitivity of advaned ground based projets and in the LISA interferometer.
3 Tuning the stohasti bakground of gravita-
tional waves with f(R) theories of gravity
GWs are the perturbations hαβ of the metri gαβ whih transform as three-
tensors. Following [21, 38℄, the GW-equations in the TT gauge are
hji = 0, (15)
where  ≡ (−g)−1/2∂α(−g)1/2gαβ∂β is the usual d'Alembert operator and these
equations are derived from the Einstein eld equations dedued from the Hilbert
Lagrangian density L = R [6, 21℄. Clearly, matter perturbations do not appear
in (15) sine salar and tensor perturbations do not ouple with tensor pertur-
bations in Einstein equations. The Latin indies run from 1 to 3, the Greek
ones from 0 to 3. Our task is now to derive the analog of eqs. (15) assuming a







where, for a sake of simpliity, we have disarded matter ontributions. A




where the onformal resaling
e2Φ = f ′(R) (18)
has been hosen being the prime the derivative with respet to the Rii









where L(Φ,Φ;α) is the onformal salar eld ontribution derived from







R˜ = e−2Φ + (R− 6[]Φ− 6Φ;δΦ;δ). (21)
In any ase, as we will see, the L(Φ,Φ;α)-term does not aet the GWs-tensor
equations so it will not be onsidered any longer (note: a salar omponent in
GWs is often onsidered [17, 39, 40, 41℄, but here we are taking into aount
only the genuine tensor part of stohasti bakground).
Starting from the ation (19) and deriving the Einstein-like onformal equa-
tions, the GWs equations are
˜h˜ji = 0, (22)
expressed in the onformal metri g˜αβ. Sine no salar perturbation ouples






whih means that hji is a onformal invariant.




eji is the polarization tensor, are the same in both metris. In any ase the
d'Alembert operator transforms as
˜ = e−2Φ(+ 2Φ;α∂;α) (24)
and this means that the bakground is hanging while the tensor wave am-
plitude is xed.
In order to study the osmologial stohasti bakground, the operator (24)
an be speied for a Friedman-Robertson-Walker metri [26, 27℄, and the equa-
tion (22) beomes






+ k2a−2h = 0, (25)
being  = ∂∂t2 + 3H
∂
∂t , a(t) the sale fator and k the wave number. It has
to be emphasized that equation (25) applies to any f(R) theory whose onformal
transformation an be dened as e2Φ = f ′(R). The solution, i.e. the GW
amplitude, depends on the spei osmologial bakground (i.e. a(t)) and the
sei theory of gravity (i.e. Φ(t)). For example, assuming power law behaviors
for a(t) and Φ(t) = 1
2
ln f ′(R(t)), that is
Φ(t) = f ′(R) = f ′0(
t
t0









is the relation between the parameters for a generi f(R) = f0R
s
where
s = 1− m
2







)2nh = 0, (28)
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)−β [C1Jα(x) + C2J−α(x)]. (29)
Jα's are Bessel funtions and
α =
1− 3n−m






while t0, C1, and C2 are onstans related to the spei values of n and m.
The time units are in terms of the Hubble radiusH−1; n = 1/2 is a radiation-
like evolution; n = 2/3 is a dust-like evolution, n = 2 labels power-law ination-
ary phases and n = −5 is a pole-like ination. From eq. (27), a singular ase
is for m = −2 and s = 2. It is lear that the onformally invariant plane-wave
amplitude evolution of the tensor GW stritly depends on the bakground.
Let us now take into aount the iusse of the prodution of reli GWs on-
tributing to the stohasti bakground. Several mehanisms an be onsidered
as osmologial populations of astrophysial soures [43℄, vauum utuations,
phase transitions [24℄ and so on. In priniple, we ould seek for ontributions
due to every high-energy physial proess in the early phases of the Universe
evolution.
It is important to distinguish proesses oming from transitions like ination,
where the Hubble ow emerges in the radiation dominated phase and proess,
like the early star formation rates, where the prodution takes plae during the
dust dominated era. In the rst ase, stohasti GWs bakground is stritly re-
lated to the osmologial model. This is the ase we are onsidering here whih
is, furthermore, also onneted to the spei theory of gravity. In partiular,
one an assume that the main ontribution to the stohasti bakground omes
from the ampliation of vauum utuatons at the transition between an in-
ationary phase and the radiation-dominated era. However, in any inationary
model, we an assume that the reli GWs generated as zero-point utuations
during the ination undergoes adiabatially damped osillations (∼ 1/a) until
they reah the Hubble radius H−1. This is the partile horizon for the growth of
perturbations. On the other hand, any other previous utuation is smoothed
away by the inationary expansion. The GWs freeze out for a/k≫ H−1 and re-
enter the H−1 radius after the reheating in the Friedman era [21, 25, 26, 27, 33℄.
The re-enter in the radiation dominated or in the dust-dominated era depends
on the sale of the GW. After the re-enter, GWs an be deteted by their Sahs-
Wolfe eet on the temperature anisotropy
△T
T at the deoupling [30℄. When Φ
ats as the inaton [21, 44℄ we have
dΦ
dt ≪ H during the ination. Considering




h′ + k2h = 0, (31)
where γ = aeΦand derivation is with respet to η. Ination means that
a(t) = a0 exp(Ht) and then η =
∫
dt/a = 1/(aH) and γ
′
γ = − 1η . The exat
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solution of (31) is
h(η) = k−3/2
√
2/k[C1(sin kη − cos kη) + C2(sin kη + cos kη)]. (32)
Inside the 1/H radius it is kη ≫ 1. Furthermore onsidering the absene of
gravitons in the initial vauum state, we have only negative-frequeny modes







At the rst horizon rossing (aH = k), the averaged amplitude Ah =





when the sale a/k grows larger than the Hubble radius 1/H, the growing
mode of evolution is onstant, that it is frozen. This situation orresponds to the
limit −kη ≪ 1 in equation (32). Sine Φ ats as the inaton eld, it is Φ ∼ 0
at re-enter (after the end of ination). Then the amplitude Ah of the wave
is preserved until the seond horizon rossing after whih it an be observed,
in priniple, as an anisotropy perturbation of the CBR. It an be shown that
△T
T . Ah is an upper limit to Ah sine other eets an ontribute to the
bakground anisotropy [45℄. From this onsideration, it is lear that the only
relevant quantity is the initial amplitude C in equation (33) whih is onserved
until the re-enter. Suh an amplitude diretly depends on the fundamental
mehanism generating perturbations. Ination gives rise to proesses apable
of produing perturbations as zero-point energy utations. Suh a mehanism
depends on the adopted theory of gravitation and then
△T
T ould onstitute a
further onstraint to selet a suitable f(R)-theory. Considering a single graviton
in the form of a monoromati wave, its zero-point amplitude is derived through
the ommutation relations
[h(t, x), pih(t, y)] = iδ
3(x− y) (35)
alulated at a xed time t, where the amplitude h is the eld and pih is the












































The ommutation relations in onformal time are then




Insering (33) and (34), we obtain C =
√
2pi2He−Φ where H and Φ are






whih means that the amplitude of GWs produed during ination diretly
depends on the given f(R) theory being Φ = 1
2





This result deserves some disussion and an be read in two ways. From one
side the amplitude of reli GWs produed during ination depends on the given
theory of gravity that, if dierent from general relativity, gives extra degrees
of freedom whih assume the role of inaton eld in the osmologial dynamis
[44℄. On the other hand, the Sahs-Wolfe eet related to the CMBR temperatue
anisotropy ould onstitute a powerful tool to test the true theory of gravity at
early epohs, i.e. at very high redshift. This probe, related with data a medium
[46℄ and low redshift [47℄, ould strongly ontribute
1. to reonstrut osmologial dynamis at every sale;
2. to further test general relativity or to rule out it against alternative theo-
ries;
3. to give onstrains on the SBGWs, if f(R) theories ares independently
probed at other sales.
Reasuming, in this setion it has been shown that amplitudes of tensor GWs are
onformally invariant and their evolution depends ond the osmologial SBGWs.
Suh a bakground is tuned by onformal salar eld whih is not present in
the standard general relativity. Assuming that primordial vauum utuations
produe a SBGWs, beside salar perturbations, kinematial distorsions and so
on, the initial amplitude of these ones is funtion of the f(R)-theory of gravity
and then the SBGWs an be, in a ertain sense, tuned by the theory. Vie
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versa, data oming fro the Sahs-Wolfe eet ould ontribute to selet a suit-
able f(R)-theory whih an be onsistently mathed with other observations.
However, further and aurate studies are needed in order to test the relation
between Sahs-Wolfe eet and f(R) gravity. This goal ould be ahieved in the
next future through the forthoming spae (LISA) and ground based (Virgo,
LIGO) interferometers.
4 Conlusions
The SBGWs has been analyzed with the auxilium of the WMAP data while,
in general, in previous works in the literature about the SBGWs, old COBE
data were used. After this, it has been shown how the SBGWs and f(R) gravity
an be related, showing, vie versa, that a revealed SBGWs ould be a powerly
probe for a given theory of gravity. In this way, it has also been shown that the
onformal treatment of SBGWs an be used to parametrize in a natural way
f(R) theories.
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